ABSTRACT The plasmonic surface is made of metallic surface with deep sub-wavelength decorations, which are designed to mimic the surface plasmon polaritons at lower frequency. Recently, high-order modes in some special structures are analyzed. In order to analyze the dispersion problem of high-order modes of complex lossless structures faster and simpler, a convenient and simple method using the average input wave impedance obtained by a field-network joint solution is proposed. Meanwhile, based on Forster's reactance theorem, high-order modes of the complex structure always exist. Then, the dispersion curves of the high-order modes calculated using proposed method are in perfect match with the simulated results, which can verify the effectiveness and correctness of the proposed method. Additionally, the simulated and experimentally measured electric field distribution of high-order modes have great agreement. Using the proposed method, one can quickly obtain dispersion curve of a plasmonic structure to verify or estimate structure design. Hence, the proposed method may make a big step forward for obtaining the special dispersion relations.
I. INTRODUCTION
Surface plasmon polaritons (SPPs) are electromagnetic (EM) excitations propagating at the interface between a dielectric and conductor, evanescently confined in the perpendicular direction [1] - [3] . These EM surface waves arise via the coupling of the EM fields to oscillations of the conductor's electron plasma. Thus, EM fields can be strongly confined to the near vicinity of the interface [4] . In virtue of strong confinement, SPPs provide the possibility of concentrating and channeling light with subwavelength of structures in the optical frequency [5] . The property of SPPs offers the potential for developing new types of photonic devices. This could lead to miniaturized photonic circuits with length scales that are much smaller than those currently achieved. However, the internal fields are identically zero in the limit of a perfect
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conductor at low frequencies such as microwave or terahertz frequencies. Perfect metals thus do not support EM surfaces modes, forbidding existence of SPPs [6] .
To overcome this difficultly, plenty of efforts have been made to construct plasmonic metamaterials that can realize spoof SPPs. Therefore, the concept of spoof SPPs can be applied to some different geometries and even to more complex structures such as helically grooved wires, grooves [7] , [8] , holes array [9] , [10] , and wedges [11] . Importantly, one of the features of the spoof SPPs is that their physical properties can be designed at will by tuning the geometrical parameters [12] . Additionally, dispersion curves are analyzed to explain the main characteristic of spoof SPPs. However, it is so difficult for the traditional analytical method to obtain the dispersion relation of the complex structures that its analysis methods are forced on. Recently, engineers have introduced the method to analyze the dispersion curves by building up a lumped circuit-network model to describe the SPP-based transmission line, in which the calculated and the simulated dispersion curves cannot reach agreement [13] , [14] . Thus, the field-network joint solution is proposed to remedy the shortage, with it one can obtain the dispersion curves of the complex plasmonic surface which show good agreement with simulated results [15] . Furthermore, not only the fundamental surface mode but also the high-order modes of spoof SPPs can be supported by the subwavelength corrugated metal structures for the chosen groove depth [16] , [17] . Up to now, it is interesting for researcher to analyze the high-order modes of spoof SPPs on periodically corrugated metal surfaces [18] and conformal surface plasmon [19] . To further study the universality and applicability of the proposed method, high-order mode of complex plasmonic surface should be analyzed.
In this paper, we analyzed high-order mode existence in a subwavelength corrugated metal structure, for simplicity consideration, we assumed the metal structure to be lossless (the metal loss and dielectric loss are omitted). The propagation constant and EM field distribution of a metallic surface with a general spoof surface plasmons are investigated in Section II. Subsequently, the dispersion relation is theoretically obtained by the average input wave impedance, which can be solved by cascading transfer matrix of the equivalent circuit topology network consisted of the continuous transmission line form and the discontinuous lumped elements in Section III. Furthermore, the consistent dispersion curves test the effect of the implementation method above through simulation in Section IV. The proposed method is effectively verified with numerical simulations and experiments in Section V. Finally, the conclusion is presented in Section VI.
II. A GENERAL SPOOF SURFACE PLASMONS
Like SPPs in the optical frequency, spoof SPPs is a kind of transverse magnetic surface wave. The inset of Fig. 1 shows a two-dimensional (2D) subwavelength corrugated metal structures supporting spoof SPPs. For simplicity, we assume FIGURE 1. The schematic diagram of subwavelength decorated metallic plasmonic surface composed of lossless dielectric and metal, in which the metal is considered as perfect electrical conductors (PEC). The upper and lower half space are considered as uniform isotropy dielectric, for example the air, described the relative permittivity ε r 1 and the relative permeability µ r 1 .
that the metal is a perfect electrical conductor, thus spoof SPPs propagating along its corrugated surface are lossless. Meanwhile, the homogeneous dielectric surrounding with relative permittivity ε r1 and relative permeability µ r1 in region I and II. In this work the structure is filled with air for simplicity. The inset picture shows the unite structure of the SPPs, which is parallel to the xoz plane with periodicity along x-direction and perpendicular to the y-direction. In the half space (y > 0), the two components of the EM fields that are parallel to the interface, and thus can be analytically expressed as: Then, owing to the impedance boundary conditions on the plasmonic surface to connect the properties of the plasmonic surface, the input impedance of a corrugated surface is given by
where Z in is the input impedance of the plasmonic surface, R and X is the real and imaginary part of impedance, respectively. In this work the structure is filled with air, for the fact that air has a dielectric dissipation factor so low, the real part of input impedance is neglectable. However, the attenuation constant q y should be a positive number so that the field in this perpendicular direction is said to be evanescent, reflecting the bound, non-radiative nature of SPPs, and prevents power from propagating away from the surface. According to the dispersion relation for the plane surface, the propagation constant should satisfy the Maxwell's equations only on condition that the following equations also hold:
where k 0 and µ 0 are wavenumber and permeability of free space, respectively. However, The dispersion relation of the complex plasmonic surface propagating at the interface between the two half spaces is so difficult to be obtained by the traditional analytical method that a simplity method should be applied. Thus, combining (4) and (5), the propagation constant k x can be obtained by the input wave VOLUME 7, 2019 impedance as:
As discussed above, the dispersion relation of the decorated metallic surface can be solved by the input impedance. Inspired by the analysis method of microwave circuits, the network method with cascading the network topology can apply for getting the input impedance.
III. THE THEORY ANALYSIS OF THE FIELD-NETWORK JOINT SOLUTION
According to the period feature, we can recognize the input impedance as that of a one-port network, which is used to describe the transmission and reflection behaviors of the unit. In order to introduce spatial dispersion into the model in this paper, the unit structure can be recognized as the transmission line and the lumped element, respectively, as shown in Fig. 2 . More generally, the transmission systems with discontinuities lead to simple equivalent circuits with lumped-circuit constants representing the effect of these discontinuities. The discontinuity is represented by the transmission lines in series with a shunting susceptance (B 1 and B 2 ) placed across each line at the junction. Values for these equivalent susceptance are obtained approximately by [19] as follow: exact discontinuity capacitance for the single-step discontinuity, C d vs. width ratio relationship is given in figure. 14 in [20] . Moreover, Z awi is neither wave impedance nor characteristic impedance but the average impedance. This is because that the wave impedance, which changes with the transverse electric field and transverse magnetic field of one point, is a localized feature of a specific waveform rather than the whole section. Meanwhile, the characteristic impedance is the ratio of voltage to current for a traveling wave on a transmission line. Neither of them can apply to plasmonic metamaterial. However, the average impedance, which derived from mean-field approximation, can provide a relatively accurate solution of the input impedance of plasmonic structure. Thus, owing to the subwavelength property of the period structure, the average wave impedance can be analytically expressed as [14] 
where W i is the width between each slit, p and η 0 are the geometrical period of the structured metallic surface and the intrinsic impedance of free space, respectively. Subsequently, the average input wave impedance can be solved by obtaining equivalent circuit topology network for the decorated surface. Here, we utilize a cascaded network of transmission lines to recognize the input wave impedance of the decorated surface structure. The overall electric-magnetic vector of several continuous and discontinuous structures that are cascaded in series can be obtained as
where T ci and T di are the transfer matrices of i-th uniformly continuous structure and discontinuous structure, respectively, F o is the overall electric-magnetic vector and F t is the electric-magnetic vector described by the nature of terminal. α i is the metallic attenuation constant of i-th slit, R s is the surface resistance of the conductor, And L i is the groove length of i-th continuous structure. For periodic structure in Fig. 2 n equals 3. From equation (9) the average input wave impedance of the plasmonic surface can be written as
where e o and h o are the electric field and the magnetic field of the electric-magnetic vector
is the transposition operator), respectively. Substituting (10) into (6) gives the dispersion relation of the complex plasmonic surface. The complete expression and solving codes are provided in appendix. Furthermore, this periodic structure in Fig. 2(a) is a single port network, the high-order modes can exist for increasing frequency. Based on Forster's reactance theorem [21] , the input reactance is a monotonically increasing odd function with frequency (f ) variation, which can be expressed as
where I is the outflow current of the periodic structure along −y-direction, W e and W m are average power and magnetic energy, respectively. Owing to a complex variable, the input reactance function can be expressed as
where X 0 is a constant and f 2n−1 , f 2n−2 are the zeros and poles of the input reactance. Zeros and poles are alternate distribution with each other at the source point. Thus, there are innumerable zeros and poles in the function (12) . The zeros stand for resonant frequencies, the poles stand for anti-resonant frequencies. Resonant and anti-resonant combined, there are innumerous high-order modes exist in arbitrary transmission line structure with the increasing frequency. Furthermore, pass bands of this plasmonic structure start at each zeros and end at its adjacent poles to the right. Stop bands cover all the rest frequency.
IV. SOLVING DISPERSION RELATION USING INPUT IMPEDANCE
According to above-mentioned analytical method, the dispersion curve of the complicate structure is calculated by using the input average wave impedance. To provide a visualized verification, a periodic structured surface filled by the air in the full space is calculated where the period p = 3.3 mm, the width of the slit W 1 = W 3 = 1.8 mm, W 2 = 0.7 mm, and the corresponding groove length L 1 = L 2 = 15 mm, L 3 = 10 mm, h = 48mm. The equivalent network topology of this structure is shown in Fig. 2(b) . Based on this topology, the average input wave impedance can be calculated using the method of cascading transfer matrix. For the fact that the plasmonic structure in this work is operating in a relatively low frequency and the slits are filled with air, we omitted the metal loss and dielectric loss, thus the real part of Z in is 0, and the imaginary part of the impedance is shown in Fig. 3(b) . Based on Forster's reactance theorem, it is clear that there are three modes that are fundamental mode and high-order modes in the frequency band from the 0 to 10 GHz.
Then, the corresponding dispersion curve can be calculated by the input average wave impedance, as shown in Fig. 3(c) . From Fig. 3(b) and 3(c) , we can find that the frequency points obtained from each pair of zero and pole of input average wave impedance are in very good agreement with cutoff frequency points in simulated dispersion curve, and frequency approximately triples with increasing mode. As a comparison, Eigen-mode solver simulation is performed by CST Microwave Studio to obtain the dispersion relation of the structure, as sketched in Fig. 3(c) . Meanwhile, the calculated result is consonant with the simulated result on the right side of the lightline. However, there is a certain error on the left side of the lightline, which may be caused by the boundary conditions (BCs) of simulation. This is because that Eigen-mode solver simulation does not support open air condition during solving the dispersion relation. Therefore, the periodic BC should be satisfied along the propagation direction of surface wave and the electric BC is set perpendicular to the direction of propagating wave. Moreover, the waveguide port distance is L from the unit structure as shown in Fig. 3(a) . Thus, the difference in parameter L can be caused by the error of the calculated and simulated results. In order to explain the error, we consider the wavenumber points corresponding to the near cutoff frequency of high order modes as illustrated in Fig. 4 . From Fig. 4(a) and Fig. 4(b) , the whole upper space composed of BCs are almost filled with the E-field at different wavenumber of high-order mode #2 and mode #3, respectively. However, E-field in the whole upper space is almost zero and E-field distribution is mainly bound to the interface between the metal and the medium in Fig. 4(c) and Fig. 4(d) . It is worth noting that the abnormal E-field distribution at interface is caused by imperfect approximation of the simulated geometry from hexahedral or tetrahedral meshing.
V. SIMULATION AND EXPERIMENT
In order to verify the effectiveness of the proposed method, we designed a bifurcated slit decorated metallic plasmonic surface as shown in Fig. 5(a) . These parameters of the complex sample are applied as the period p = 3.3 mm, the width of the slit W 1 = W 3 = 1.8 mm, W 2 = 0.7 mm, and the groove length L 1 = L 2 = 15 mm, L 3 = 10 mm, and the thickness of the sample h = 48 mm. Furthermore, we designed the plasmonic surface structure with 50 unites, and BCs in all directions are set as ''open add space.'' At the same time, we set the experiment platform in microwave anechoic chamber as sketched in Fig. 5(b) . The absorbing material can absorb or substantially weaken the surface EM wave of the sample. Meanwhile, a stimulating monopole antenna as the excitation, and the receiving monopole antenna installed in the planar platform as detector, which can move in the x-and y-directions under the control of stepper motor. The two antennas corresponding to the two ports are connected to a two-port vector network analyzer (VNA) AV3672B [22] , respectively. Port #1 of VNA is connected to the emitting monopole antenna and Port #2 of VNA is connected to the receiving monopole antenna, which is fixed at 1 mm above the plasmonic surface to detect the vertical (x) components of electric fields as shown in Fig. 7 . To obtain E-field distribution of the complex structure at different frequency on the xoy plane as shown in Fig. 6 , fullwave simulation is performed by CST Microwave Studio. It is obvious that the EM wave can propagate at 1.5GHz, 4.5GHz and 8.8GHz, respectively. Meanwhile, the EM waves are cutoff at 2GHz, 5GHz and 9.5GHz. This is because that 2 GHz, 5GHz and 9.5GHz are the cutoff frequencies of fundamental mode, mode #2 and mode #3, respectively. The near field distributions are measured to verify the simulated correctness and the existence of SPP mode. The calculated E-field distributions of the periodic structure agree well with the simulated results on the xoy plane. From the experiment result we conformed three things: Firstly, omitting the metal loss 
of the structure does not affect the accuracy of this method. Secondly, although the calculation process is performed on a 2D structure, but on 3D objects with infinite thickness, it works fine. Finally, the proposed method can produce a relatively accurate prediction of high order modes' frequency.
VI. CONCLUSION
High-order mode propagations are analyzed based on the field-network joint method in this paper. The dispersion relation of the complex plasmonic surface can be solved by the average input wave impedance, which is obtained by cascading transfer matrix of the equivalent circuit topology network composed of the continuous transmission line form and the discontinuous lumped elements. Based on the Forster reactance theorem, we know that the high-order modes of the average input impedance exist periodically. The dispersion relation of high-order modes has good agreement for both the Eigen-mode solver simulation and calculated results, which verifies this proposed method also could be used in high-order modes. Subsequently, in order to further verify the effectiveness and correctness of this proposed method, the near-field of high-order modes are analyzed by the simulation and experiment.
To sum up, this proposed method based on the field-network joint solution can solve the dispersion relations of high-order modes quickly, efficiently and accurately. Furthermore, this method has potentials to solve the SPP transmission lines for complex structures with desired dispersion properties.
APPENDIX
The final expression of Z in is too complicated to directly get analytical results for interested frequency band, we used matlab to obtain input impedance. The codes are as represented in Algorithm 1. 
